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We compute and analyze correlation functions in the isovector vector channel at vanishing
spatial momentum across the deconfinement phase transition in lattice QCD. The simulations
are carried out at temperatures T/Tc = 0.156, 0.8, 1.0, 1.25 and 1.67 with Tc ' 203MeV for
two flavors of Wilson-Clover fermions with a zero-temperature pion mass of ' 270 MeV.
Exploiting exact sum rules and applying a phenomenologically motivated ansatz allows us
to determine the spectral function ρ(ω, T ) via a fit to the lattice correlation function data.
From these results we estimate the electrical conductivity across the deconfinement phase
transition via a Kubo formula and find evidence for the dissociation of the ρ meson by
resolving its spectral weight at the available temperatures. We also apply the Backus-Gilbert
method as a model-independent approach to this problem. At any given frequency, it yields
a local weighted average of the true spectral function. We use this method to compare
kinetic theory predictions and previously published phenomenological spectral functions to
our lattice study.
I. INTRODUCTION
Strongly interacting matter at temperatures below 100MeV is thought to consist of hadronic
quasiparticles to a good approximation. At sufficiently high temperatures, perhaps of several GeV,
one expects quarks and gluons to be the relevant degrees of freedom instead. The stages between
the two regimes are the subject of vast experimental programs based on colliding heavy ions and
of many theoretical studies (see for instance [1], chapter D). The broad interest partly stems from
the fact that matter in the early universe underwent a thermal transition between the two phases.
This transition is known from lattice simulations to be a continuous crossover rather than a sharp
phase transition [2].
Hard probes, observables which, although produced in the thermal medium, immediately de-
couple from it, are especially interesting in this context. With no subsequent interaction after their
production, they are among the best observables to study the thermal medium both in experi-
ment [3] and theory. For a quark gluon plasma a good probe is the production rate of lepton pairs,
since they experience only electroweak interactions after they are created and act as essentially
freely propagating particles. At the same time the underlying production mechanism is highly
complicated due to the strong interactions of the constituents of the thermal system. The dilep-
ton production rates for a system in thermal equilibrium are proportional to the thermal vector
spectral function. The latter encodes the information on the excitation spectrum and transport
processes in the medium (see for instance [4]).
The hadron resonance gas (HRG) model, which is based on the idea that the static properties of
strongly interacting matter in the low-temperature phase are given by the sum of the contributions
of non-interacting hadron species, gives an economic description of particle yields in heavy-ion col-
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2lisions (see the recent [5], [6] and references therein) and provides a good estimate of the pressure
and charge fluctuations determined in lattice calculations [7–9]. However, the thermal quasipar-
ticles could have different properties, for instance different dispersion relations [10, 11], from the
hadrons at T = 0. One of our goals here is to probe to what extent the transport of charge can be
described by the HRG model.
In a strongly coupled regime, no general computational method to address thermal real-time
phenomena is known. Interesting insights have been gained via the gauge/gravity correspondence
(see for instance [12]). Lattice QCD provides a way to compute correlation functions in the Mat-
subara (or Euclidean) formalism. These correlation functions are related to spectral functions
ρ(ω, T ) via dispersion relations, as a consequence they provide information on the latter. However,
obtaining information that is more local in the frequency ω than ∆ω ∼ T requires highly accurate
calculations of the Euclidean correlation functions. In recent years, the quality of this type of
lattice calculations has steadily improved [13–20].
In the following we present a study of isovector vector correlation functions across the decon-
finement phase transition on large isotropic lattice ensembles using Wilson-Clover fermions. After
presenting the theoretical background to our calculations (section II) and our numerical framework
(section III), we apply an ansatz for the spectral functions and fit its parameters to the lattice data
(section IV A). Thereby we estimate the electrical conductivity and the spectral weight of the ρ
meson for a range of temperatures. In section IV B, we apply the model-independent Backus-
Gilbert method [21] to obtain a ‘filtered’ spectral function, which is a local average of the genuine
spectral function around a given frequency. In this way we obtain a means to directly compare
HRG predictions and previously published phenomenological spectral functions [22] with lattice
data (section V). The phenomenological implications of our calculation are discussed in section
VI. The article ends with a summary of the lessons we learnt from the lattice calculations and an
outlook on how further insight could be gained on the thermal spectral functions.
II. DEFINITIONS AND THEORY PREDICTIONS
In this section we collect the necessary definitions and review (mostly known) facts about
correlation functions and the associated spectral functions of the vector current.
A. Definitions
Our primary observables are the Euclidean-time correlators of the conserved vector current,
Gµν(τ, T ) =
∫
d3x 〈Jµ(τ, ~x) Jν(0)†〉 . (1)
The expectation values are taken with respect to the equilibrium density matrix e−βH/Z(β), where
β ≡ 1/T is the inverse temperature, and the Euclidean-time evolution of operators is given by
O(τ) = eHτOe−Hτ . For now we leave the flavor structure of the current unspecified and return to
this aspect in the next subsection. We define the quark number susceptibility as
χs = β
∫
d3x 〈J0(τ, ~x)J0(0)〉, τ 6= 0. (2)
The Euclidean correlators have the spectral representation
Gµν(τ, T )
µ=ν
=
∫ ∞
0
dω
2pi
ρµν(ω, T )
cosh[ω(β/2− τ)]
sinh(ωβ/2)
, (3)
3where the spectral function is defined (for a general spatial momentum ~p) as
ρµν(ω, ~p, T ) =
∫
dtd3x eiω·t−i~p·~x
〈
[Jµ(t, ~x), Jν(0)
†]
〉
, O(t) ≡ eiHtOe−iHt. (4)
For a given function ρ(ω, T ′), the reconstructed correlator is defined as
Grec(τ, T ;T
′)≡
∫ ∞
0
dω
2pi
ρ(ω, T ′)
cosh[ω(β/2− τ)]
sinh(ωβ/2)
. (5)
It can be interpreted as the Euclidean correlator that would be realized at temperature T , if the
spectral function did not change between temperature T and T ′. For T ′ = 0 it can be directly
obtained from the zero-temperature Euclidean correlator via [23]
Grec(τ, T ) ≡ Grec(τ, T ; 0) =
∑
m∈Z
G(|τ +mβ|, T = 0). (6)
B. On the flavor structure of the current
Unless otherwise stated, we consider two-point functions of the isospin current1
Jµ(x) ≡ 1√
2
(
u¯(x)γµu(x)− d¯(x)γµd(x)
)
(7)
in QCD with two light degenerate flavors of quarks, and the associated spectral function ρµν(ω, T ).
Many phenomenological observables are related to the electromagnetic current
Jemµ =
∑
f
Qf q¯fγµqf (8)
with Qu = 2/3, Qd = −1/3 etc. and the associated spectral function ρemµν (ω, ~p, T ). In two-flavor
QCD, we can decompose the electromagnetic current into the following sum of isovector and
isoscalar components,
Jemµ =
1√
2
Jµ +
1
2
JBµ , (9)
where
JBµ =
1
3
(
u¯(x)γµu(x) + d¯(x)γµd(x)
)
(10)
is the baryon current. Since in this work we compute only the two-point function of Jµ, the
question poses itself as to whether the two-point function of Jemµ can be approximated with the
available information. In the vacuum, this question has been addressed recently [24, 25]. It turns
out that, as far as the spectral function is concerned, the appropriate approximation depends on
the frequency. At sufficiently high frequencies, a decomposition of the two-point function of Jemµ in
terms of a quark-line connected contribution and a disconnected contribution is most useful, since
the latter is of order α3s in perturbative QCD. When the quark-line disconnected contribution to
the two-point function of Jemµ can be neglected, we have
ρemµν (ω,~0, T )|nf=2 ' Cemρµν(ω, T ), Cem =
∑
f=u,d
Q2f = 5/9. (11)
1 Note that in this normalization, all two-point functions of the current are a factor 2 larger than the isovector
contributions to the two-point functions of the electromagnetic current.
4On the other hand, isospin symmetry implies that the two-point function of Jemµ is given by the
sum of the two-point function of 1√
2
Jµ and of the two-point function of
1
2J
B
µ . For ω . mω, where
mω is the mass of the (isoscalar vector) ω meson, the isoscalar two-point function is negligible
compared to the isovector contribution; in fact, the corresponding contribution to the spectral
function is exactly zero for 0 ≤ ω ≤ 3mpi. Therefore, in this low-frequency regime the appropriate
approximation is
ρemµν (ω,~0, T ) '
1
2
ρµν(ω, T ), 0 ≤ ω . mω. (12)
One may ask whether any of the two presented approximations still holds at non-zero tem-
perature. At sufficiently high temperatures, when the relevant degrees of freedom are quarks and
gluons, we expect that the approximation given in Eq. (11) is applicable at all frequencies. In
the low-temperature phase, we expect the same approximation to hold as for zero temperature,
namely Eq. (12) for ω . mω and Eq. (11) at higher frequencies. This expectation is based in
particular on the observation that only baryons contribute to the transport peak in the spectral
function associated with the current JBµ (see section II E below); this transport peak therefore
carries far less spectral weight than the transport peak in the isovector channel, since the latter
receives contributions from pions, ρ mesons etc.
C. General properties of spectral functions and their relation to observables
In the thermodynamic limit, the subtracted vector spectral function obeys the exact sum rule
(see [26] sec. 3.2),∫ ∞
−∞
dω
ω
∆ρ(ω, T ) = 0, ∆ρ(ω, T ) ≡ ρii(ω, T )− ρii(ω, 0). (13)
The diffusion constant D is given by a Kubo formula in terms of the low-frequency behavior of
the spectral function,
D =
1
6χs
lim
ω→0
ρii(ω, T )
ω
. (14)
The electrical conductivity in two flavor QCD is given by
σel =
1
6
lim
ω→0
ρemii (ω,~0, T )
ω
' CemDχs . (15)
In the above equation, disconnected diagrams have been neglected. More generally, the electro-
magnetic spectral function determines the differential production rate of lepton-antilepton pairs
per unit volume of the thermal system,
dNl+l−
dωd3p
= Cem
α2em
6pi3
ρemµµ(ω, ~p, T )
(ω2 − ~p2)(eω/T − 1) . (16)
D. Non-interacting limits of the spectral functions
There are two simple limits, in which the spectral function can be determined analytically. For
non-interacting massive quarks in the fundamental representation of the SU(Nc) color group, the
5vector spectral function is given by2
ρii(ω, T ) = 2piχs〈v2〉ωδ(ω) + Nc
2pi
θ(ω − 2m)
[
1− 4m
2
ω2
] 1
2
[
1 +
2m2
ω2
]
ω2 tanh(ωβ/4). (17)
The sum rule Eq. (13) is verified by this spectral function. On the other hand, at low temperatures
and at low frequency, we expect pions to be the relevant degrees of freedom. In the theory of
non-interacting pions, the third isospin component of the vector current is represented by Jµ =√
2(pi1∂µpi
2 − pi2∂µpi1) =
√
2 i(pi+∂µpi
− − pi−∂µpi+). The spectral function reads
ρii(ω, T ) = 2piχs〈v2〉ωδ(ω) + 1
4pi
θ(ω − 2mpi)
[
1− 4m
2
pi
ω2
] 3
2 ω2
tanh(ωβ/4)
. (18)
For free quarks, the susceptibility χs and the mean squared transport velocity 〈v2〉 are given by,
χs = 4Ncβ
∫
d3~p
(2pi)3
fF~p (1− fF~p ) , (19)
χs〈v2〉 = 4Ncβ
∫
d3~p
(2pi)3
fF~p (1− fF~p )
~p2
E2~p
, (20)
while for free pions the expressions are3
χs = 4β
∫
d3~p
(2pi)3
fB~p (1 + f
B
~p ) , (21)
χs〈v2〉 = 4β
∫
d3~p
(2pi)3
fB~p (1 + f
B
~p )
~p2
E2~p
. (22)
The energies in Eqs. (19)-(22) are respectively the free energies of quarks E~p =
√
~p2 +m2 and pions
E~p =
√
~p2 +m2pi, while f
B/F
~p = 1/[e
βE~p ∓ 1] are the Bose-Einstein and Fermi-Dirac distributions.
The mean square velocity is unity for massless particles and 3T/m for non-relativistic particles.
The susceptibility of free particles has simple expressions in the high-temperature limit
χs
T→∞
=
{
(Nc/3)T
2
(2/3)T 2
, (23)
and in the low-temperature limit
χs
T→0
=
{ √
2
pi3/2
T 1/2m3/2 e−βm
Nc
√
2
pi3/2
T 1/2m3/2 e−βm
, (24)
where the upper cases correspond to quarks and the lower ones to pions.
Beyond the strict non-interacting theory, weak coupling kinetic theory predicts the presence of
a narrow transport peak in the spectral function at ω = 0, whose width and height are related to
the properties of the quasi-particles. Introducing a separation scale Λ between the transport time
scale and the thermal time-scale, the area under the transport peak is, to leading order, preserved
by the interactions [29],
A(Λ) =
∫ Λ
−Λ
dω
2pi
ρii(ω, T )
ω
= χs〈v2〉 , (25)
and the width of the transport peak becomes finite.
2 At large frequencies the radiative corrections (1 + αs/pi + . . . ) to the coefficient of the ω
2 term are temperature
independent and known to order α4s [27] (for quark mass effects in the vacuum, see [28]).
3 Note, the pion contribution to the susceptibility of the electric charge Q is 1/2 times the right-hand side of Eq. (21).
6E. Kinetic theory and the hadron resonance gas
We now explore the assumption that the thermal system in the low-temperature phase is well
approximated by a gas of weakly interacting hadrons. In [20], we estimated that the area under
the ρ resonance peak in the vacuum spectral function ρii(ω, 0) was∫ 1GeV
0
dω
pi
ρii(ω, 0)
ω
= 0.114 GeV2. (26)
As we shall see shortly, the area under the transport peak represents no more than a ∼ 5% effect
in comparison to the spectral weight of the ρ meson4.
The hadron resonance gas describes the thermodynamic properties and the quark number
susceptibilities of the low-temperature phase rather well. Assuming a transport peak exists in
ρii(ω, T ), it is interesting to ask whether the area under the peak is consistent with this pic-
ture. It is straightforward to compute the sum of the mesonic and baryonic contributions, e.g.
χs〈v2〉 = (χs〈v2〉)mesons + (χs〈v2〉)baryons,
(χs〈v2〉)mesons = 2β
3
∑
multiplets
(2J + 1)I(I + 1)(2I + 1)
∫
d3~p
(2pi)3
fB~p (1 + f
B
~p )
~p2
E2~p
, (27)
(χs〈v2〉)baryons = 4β
3
∑
multiplets
(2J + 1)I(I + 1)(2I + 1)
∫
d3~p
(2pi)3
fF~p (1− fF~p )
~p2
E2~p
. (28)
The sums are carried out over the multiplets5 of spin J and isospin I. The corresponding expressions
for (χs)mesons and (χs)baryons are identical respectively to Eqs. (27) and (28), except for the absence
of the factor ~p
2
E2
~p
in the integrand. Expanding the factor f(1 ± f) in a Taylor series in e−βE~p , one
can express it in terms of a sum of Bessel functions (see for instance the expressions in [7]). At
physical quark masses in two-flavor QCD, we thus obtain the HRG estimates (more details on our
implementation of the HRG model are given in section V A)
χs〈v2〉/GeV2 =

0.00236 T = 100 MeV
0.0042 T = 120 MeV
0.0069 T = 140 MeV
0.0111 T = 160 MeV
(29)
The pions dominate this quantity up to quite high temperatures: for instance, at T = 140 MeV,
they still contribute 90% of the total value. We remark that combining the exact sum rule Eq. (13)
with the kinetic sum rule Eq. (25), we have the property∫ ∞
Λ
dω
pi
∆ρ(ω, T )
ω
= −χs〈v2〉. (30)
Since the values in Eq. (29) are much smaller than the area under the zero-temperature spectral
function up to ω = 1GeV given in Eq. (26), the spectral weight above the threshold ω = 2mpi is
not substantially modified by thermal effects as long as the HRG remains a good approximation
for evaluating χs〈v2〉. The HRG model is in that sense self-consistent.
4 From the point of view of large-Nc counting rules, this is not surprising, since the spectral weight of the ρ meson
is of order Nc, while the area under the transport peak is of order N
0
c .
5 The additional factor of 2 present in the baryon case accounts for antiparticles; in the meson case, the antiparticles
are already included by summing
∑I
I3=−I I
2
3 =
1
3
I(I + 1)(2I + 1).
7III. NUMERICAL SETUP
We present a study of thermal isovector vector two-point functions for temperatures T/Tc =
0.16, 0.8, 1.0, 1.25 and 1.67 in two-flavor QCD. We vary the temperature by increasing the number
of lattice sites in the time directions at fixed bare parameters, a method known as the ‘fixed-scale’
approach. The mass of the degenerate quark doublet corresponds to a zero-temperature pion
mass of ' 270MeV [30]. The data presented here is thus a natural extension of the calculation
at T/Tc = 1.25 presented in [20]. The gauge action is the standard Wilson plaquette action
[31], while the fermions are implemented via the O(a) improved Wilson discretization with the
non-perturbatively determined clover coefficient csw [32]. All configurations are generated using
the MP-HMC algorithm [33, 34] in the implementation of Marinkovic and Schaefer [35] based on
Lu¨scher’s DD-HMC package [36].
6/g20 5.50 mpi[MeV] ' 270
κ 0.13671 ZV 0.768(5)
cSW 1.751496 a[fm] 0.0486(4)(5)
N3s ×Nτ 643 × 128 Nvacconf 137
T vac[MeV] 32(6) Nvacsrc 16
N3s ×Nτ 643 × 24 N3s ×Nτ 643 × 20
T [MeV] 169(3) T [MeV] 203(4)
Nconf 360 Nconf 311
Nsrc 64 Nsrc 64
N3s ×Nτ 643 × 16 N3s ×Nτ 643 × 12
T [MeV] 254(4) T [MeV] 338(5)
Nconf 313 Nconf 262
Nsrc 65 Nsrc 65
TABLE I. The top left block shows the bare lattice parameters, see also [20, 37, 38]. The top right block
summarizes the pion mass, the vector renormalization constant [39] and the lattice spacing [37]. The middle
and bottom blocks contain more specific information on the Nτ = 128, 24, 20, 16 and 12 lattice calculations,
such as their corresponding temperatures, their number of configurations and the number of source positions
used to calculate the correlation functions.
The spatial size of the ensembles is Ns = 64 with periodic boundary conditions and the temporal
extents are Nτ = 128, 24, 20, 16 and 12. The Nτ = 16 ensemble was first presented in [20] and
has subsequently been analyzed in [40–42]. All ensembles are calculated at fixed bare parameters,
whereby the lattice spacing is a = 0.0486(4)(5)fm [37] and mpiL = 4.2. With T = 1/(Nτa) the
ensembles correspond to the temperatures T = 169(3)MeV (Nτ = 24), T = 203(4)MeV (Nτ = 20),
T = 254(4)MeV (Nτ = 16) and T = 338(5)MeV (Nτ = 12). Based on preliminary results on
the pseudo-critical temperature Tc of the crossover from the hadronic to the high-temperature
phase [38, 43], the temperatures can also be expressed in terms of Tc by T/Tc ≈ 0.8, 1.0, 1.25
and 1.67. In addition, we have updated our vacuum correlation function at Nτ = 128, i.e. T =
32(6)MeV, by significantly increasing the statistics. We refer to this as the ‘vacuum’ ensemble.
In contrast to [20], we implement the vector correlation function on the lattice as a mixed
8correlator between the local and the conserved current,
Gbareii (τ, g0, T ) = −a3
3∑
i=1
∑
~x
〈Jci (τ, ~x)J `i (0)〉, (31)
Gbare00 (τ, g0, T ) = −a3
∑
~x
〈Jc0(τ, ~x)J `0(0)〉, (32)
where
J `µ(x) =
1√
2
q¯(x)γµτ
3q(x), (33)
Jcµ(x) =
1
2
√
2
(
q¯(x+ aµˆ)(1 + γµ)U
†
µ(x)τ
3q(x)− q¯(x)(1− γµ)Uµ(x)τ3q(x+ aµˆ)
)
. (34)
Here Uµ(x) are the gauge links, q represents a doublet of mass-degenerate quark fields and τ
3 the
diagonal Pauli matrix acting on the flavor indices. The doublet can be understood as the (u, d)
quarks and are treated fully dynamically in this calculation. To achieve a precision at the . 1%
level we supplement the source at position xsrc = (0, 0, 0, 0) with additional Nsrc = 64 randomly
chosen source positions in the lattice four-volume in order to increase statistics by exploiting the
translational invariance of the system. The correlators are renormalized via
Gµν(τ, T ) = ZV (g0) G
bare
µν (τ, g0, T ) (35)
with the non-perturbative value of ZV = 0.768(5) [39]. Here, our primary goal is to carry out the
analysis on a single lattice spacing. We therefore have not included O(a) contributions from the
improvement term proportional to the derivative of the antisymmetric tensor operator [44, 45]. Also
a quark-mass dependent improvement term (1+bV (g0)amq) [45] was neglected. These contributions
should eventually be included to ensure a smooth scaling behavior as the continuum limit is taken.
The parameters of the lattice ensembles are collected in Tab. I. In addition all results for the
correlators are given in Tab. VII and Tab. VIII in Appendix A. The covariance matrices of these
data sets are provided online on the arXiv [46].
The reconstructed correlator Grec(τ, T ) can be straightforwardly computed when the ratio of
vacuum and target temperature Nvacτ /N
target
τ is an integer, which is the case for the N
target
τ = 16
ensemble, as the ratio is Nvacτ /N
target
τ = 8. For the other temperatures N
target
τ = 24, 20, 12, this
strategy is not immediately applicable. One option is to fold the vacuum data around m ·N targetτ ,
following the recipe of Eq. (6), until the maximum of possible foliations is reached. In this case we
assume that the large distance foliations of the vacuum correlator in Eq. (6) provide a negligible
contribution to the overall result. An alternative way is to first use a cosh-fit beyond some distance
τ cut to extend the vacuum correlator data to all τ ∈ R. In the following we set τ cut/a = 36.
Checking these two methods on the exactly computable N targetτ = 16 ensemble, we observe that
both of them agree within the statistical errors of the corresponding thermal data.
IV. VECTOR SPECTRAL FUNCTIONS IN TWO-FLAVOR QCD
With precision data available, we note that two approaches have been widely adopted to re-
construct spectral functions from lattice correlators. The first is the maximum entropy method
(MEM) [13, 47–49]. Here Bayes’ theorem is invoked to determine the most probable spectral
function given the data on the one hand and a so-called default model on the other. Standard
algorithms maximize an entropy term to determine the coefficients of a set of transformed basis
functions L(B(k)) to obtain an approximation of the spectral function based on the correlator
9data. Since the inverse transformation of the basis functions is known, one thereby obtains also an
estimate of the spectral function. The main caveat in this method is the dependence of the results
on the default model and, to some extent, on the basis of functions in which the spectral function
is expanded. Alternatively, instead of fixing the basis functions and determining their weights, one
can define an ansatz F (ak, ω), with parameters ak, for the spectral function [16, 20, 50]. Naturally,
the ansatz introduces a model-dependence and has to be justified. If the fit is successful, one
obtains, as in the case of the MEM, a spectral function which describes the lattice data within its
statistical uncertainty.
In addition to updating our recent analysis using the fit ansatz approach, we also apply the
Backus-Gilbert method [11]. The idea of the method is to determine a local average of the spectral
function around a given value of ω without parametrizing it in any particular way6. The weighting
factor of the average is called the resolution function.
A. Fit ansatz for the spectral function
In the first step of this analysis, we reconstruct the vector meson thermal spectral functions
using the ansatz approach. Specifically we determine the vacuum and thermal spectral functions
from simultaneously fitting all available correlator data G(τ, T ) and enforcing the exact sum rule
of Eq. (13).
1. Combined fit for the vacuum and thermal spectral functions
To motivate a sensible ansatz for the spectral function on our ‘T = 0’ ensemble, we first note
that the transport contribution is absent in the vacuum. Given the ensemble parameters, we
describe the ρ meson contribution by a δ-function. The large frequency behavior is parametrized
by a sharp threshold to the perturbative behavior,
ρV (ω, T ' 0)
2pi
= aV δ(ω −mV ) + 3κ0
4pi2
Θ(ω − Ω0)ω2 tanh
(ωβ0
4
)
, (ω ≥ 0). (36)
Based on similar considerations, we define a set of thermal spectral function models for (ω ≥ 0).
As initial setup, we propose that the thermal spectral function consists of a bound state δ-peak,
a continuum threshold, a simple δ-peak for the transport and an OPE inspired term (∼ 1/ω2),
which is denoted (Mod. 1) in the following. The ansatz reads:
ρMod.1(ω, T )
2pi
= ATωδ(ω)+aTδ(ω−mT)+ 3κ0
4pi2
Θ(ω−ΩT)ω2 tanh
(ωβT
4
)
+
3κO
4pi2
Θ(ω−ΩO) 1
ω2
. (37)
To permit statements on the electrical conductivity, we further introduce a Breit-Wigner type
transport peak, while keeping the δ-function for the ρ meson. In addition to introducing a finite
width for the transport region, we allow that κ0 splits into two components below the vacuum
threshold at Ω0:
κ0 → κ˜0(κ0, κ1,Ω0, η) =
[
κ0 + κ1
(
1− tanh
( ω
Ω0 · η
)2)]
. (38)
Our second and main model is given by (Mod. 2):
ρMod.2(ω, T )
2pi
=
ωAT ΓT
pi(Γ2T + ω
2)
+ aTδ(ω−mT) + 3κ˜0
4pi2
Θ(ω−ΩT)ω2 tanh
(ωβT
4
)
+
3κO
4pi2
Θ(ω−ΩO) 1
ω2
.
(39)
6 We note that an alternative model independent reconstruction procedure based on Cuniberti’s method was dis-
cussed in [51, 52].
10
Ansatz Nτ T/Tc aT mT κ1 ΩT κO ΩO
(Mod. 1) 24 0.80 free mV - Ω0 free Ω0
20 1.00 free mV - 0 free Ω0
16 1.25 free mV - 0 free Ω0
12 1.67 free mV - 0 free Ω0
(Mod. 2a) 24 0.80 free mV 0 Ω0 free Ω0
20 1.00 free mV 0 Ω0 free Ω0
16 1.25 0 - free 0 0 -
12 1.67 0 - free 0 0 -
(Mod. 2b) 24 0.80 free mV 0 Ω0 free Ω0
20 1.00 free mV free 0 0 -
16 1.25 free mV free 0 0 -
12 1.67 free mV free 0 0 -
(Mod. 2c) 24 0.80 free mV 0 Ω0 free Ω0
20 1.00 free mV free 0 0 -
16 1.25 0 - free 0 0 -
12 1.67 0 - free 0 0 -
(Mod. 2d) 24 0.80 free mV 0 Ω0 free Ω0
20 1.00 0 - free free 0 -
16 1.25 0 - free 0 0 -
12 1.67 0 - free 0 0 -
TABLE II. Parameter setup for the ansa¨tze discussed in the text. The unlisted parameter ΓT is always free,
while κ0 is a parameter which is shared for all temperatures. The parameter AT is eliminated by the sum
rule. Whenever the table contains a ”-” the associated parameter does not appear. When the entry equals
one of the zero-temperature parameters, it is a shared parameter. Note, that the parameter aT is always
constrained to aT > 0.
As next ingredient we incorporate the sum rule of Eq. (13) and find e.g.
AT = 2
( a0
m0
− aT
mT
− 3κO
8pi2Ω2O
− 3κ0
4pi2
∫ ∞
0
dω ω
[
Θ(ω−ΩT) tanh
(ωβT
4
)
−Θ(ω−Ω0) tanh
(ωβ0
4
)])
,
(40)
for the first model (Mod. 1). An analogous expression for the second model is readily derived. The
parameter AT is eliminated from the thermal fit functions by enforcing the sum rule in a combined
fit with the vacuum correlator. In the following we use the vacuum and thermal ansa¨tze to fit
the data of all ensembles simultaneously. In addition to eliminating AT via Eq. (40), we enforce
the following conditions: The parameters κ0 as well as mV = mT are shared parameters for all
ensembles. Without these constraints the fits lead to considerably less well determined parameters.
The threshold parameters Ω0 and ΩT are shared for the Nτ = 128, 24 ensembles, while ΩT is set
to zero for Nτ = 16 and 12. The free parameter ΩT is exclusive to the Nτ = 20 ensemble and is
set according Tab. II. The OPE inspired parameter ΩO is set to the vacuum value Ω0.
We consider four variants of the second model, as listed in Tab. II. In the vicinity of the critical
temperature, it is difficult to provide an argument for a vacuum-like or a thermal-like structure
of the spectral function. By testing variants and determining the stable features we consequently
obtain a more systematically reliable result. The first variant, (Mod. 2a), enforces a vacuum
structure with a continuous threshold located at Ω0. The final variant, (Mod. 2d), on the other
hand leaves the threshold free and assumes a largely thermal structure. Both variants exclude
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FIG. 1. Left: (Top) The vacuum (Nτ = 128) vector correlation function. The red lines denote the results
computed by reconstructing the spectral functions with (Mod. 2c) from the lattice data. The middle panel
shows the ratio of the data to the reconstructed result, the bottom panel shows a zoom of this ratio. We
observe the lattice data is reproduced with a precision better than 2% for the distance region τ/a . 20.
Right: (Top) The thermal vector correlators at T/Tc = 0.8, 1.0, 1.25 and 1.67, i.e. Nτ = 24, 20, 16 and 12.
The lines denote the results of the fits based on parametrizing the spectral functions (Mod. 2c). The bottom
panel shows the ratio of the data to the fitted correlators.
thermal bound state peaks in the high temperature phase. The second and third variants, (Mod.
2b) and (Mod. 2c), are closely related. Both set the threshold at zero, while allowing a thermal
modification via κ1, but also include a bound state peak for the Nτ = 20 ensemble. The difference
is that (Mod. 2b) allows for bound state peaks in the high temperature phase by setting aT > 0.0.
This model has the most freedom to interpolate between a thermal-like and vacuum-like structure.
At the same time, it results in the largest uncertainties on the parameters. Between the tight
constraints of (Mod. 2a) or (Mod. 2d) and the relative freedom of (Mod. 2b), the remaining
model (Mod. 2c) represents a trade off. Consequently, if not stated otherwise, all results shown in
the following are obtained from model (Mod. 2c).
Throughout, the fit range chosen is τ/a ∈ [4 : 48] for the vacuum and τ/a ∈ [4 : Nτ/2] for the
thermal ensembles. We tested additional models, for example also including a Breit-Wigner type
peak for the ρ meson. This class of models however lead to badly constrained parameters and a
poor description of the data.
2. Error estimation and results for the correlators
The combined fit, as outlined above, is carried out on a large number of bootstrap samples,
each consisting of the average of N = 1000 randomly selected data sets, and uses a ‘frozen’
statistical error obtained from the fully sampled results. The parameters in the fit ansa¨tze are
correlated, especially for the bound state and transport regions. To give an error estimate for the
parameters we use the method of quantiles as a consequence. As such, the central value parameters
are computed on the central value samples of the ensembles. Then we choose the parameter sets
corresponding to the central 68% of the distribution of all solutions as our final results, i.e. we assign
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FIG. 2. Left: The difference of thermal and reconstructed correlators together with the results computed
by reconstructing the spectral functions from the lattice data. The thermal vector correlators cover the
temperature range T/Tc = 0.8, 1.0, 1.25 and 1.67, i.e. Nτ = 24, 20, 16 and 12, where Tc ' 203MeV and
Mpi ' 270MeV. The darker shaded region denotes the fit window used in the reconstruction (Mod. 2c).
Right: The reconstructed spectral functions, rescaled by tanh(ω/2T )/ω2, in the vacuum (black) and thermal
(colors) scenarios from (Mod. 2c).
asymmetric error bars corresponding to one standard deviation. For all derived quantities, such as
the correlators recalculated from the spectral functions, we show the standard bootstrapped results
in the following. Note, the quoted values for χ2/d.o.f are ‘uncorrelated’ values and are collected in
Tab. III.
The vacuum correlator is shown in Fig. 1 (left panel). In the top panel of the figure we show
the correlator data and the corresponding fit. The middle panel shows the ratio of the data to
the reconstructed correlators, the bottom panel shows a zoom of this ratio. We find that our
model describes the data accurately within 2% for distances up to τ/a ' 20, i.e. ' 1fm. The
corresponding spectral function is displayed in Fig. 2 (right panel).
Likewise, the resulting thermal correlators are shown in Fig. 1 (right panel). In the top panel
of this figure we show the correlator data and the corresponding fit, while in the bottom panel
we show the ratio of the data and the fit. We observe the fitted model describes the lattice data
better than 1% within the fit range. The thermal spectral functions are also shown in Fig. 2 (right
panel).
3. Discussion of fit results
We show the results from fitting model (Mod. 2c) to G(τ, T ) − Grec(τ, 0) in the left panel of
Fig. 2. Here, the shaded bands denote the results from the spectral function reconstruction using
the ansatz approach. The data used in the fits is shown in a darker shade and by filled symbols,
while the lighter shaded regions and open symbols denote the region outside of the fit windows.
For all temperatures we observe good agreement between the data and the results from the fitted
spectral functions.
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FIG. 3. The reconstructed spectral functions in the vacuum (black) and thermal (colors) scenarios from
(Mod. 2a) in the left panel, (Mod. 2b) in the middle and from (Mod. 2d) in the right panel.
In the right panel of Fig. 2 and in Fig. 3 we show the reconstructed spectral functions for (Mod.
2a-d), rescaled by ρ(ω) → ρ(ω) tanh(ωβ/2)/ω2. This rescaling renders the displayed functions
finite both at low and large frequencies.
Focusing on low frequencies, i.e. the transport region of the spectral functions in Fig. 2 (right)
and Fig. 3, we observe a significant contribution of spectral weight in the transport region for all
tested variants above T ≥ Tc. The intercepts of the spectral functions for the Nτ = 20 ensemble
overlap well with each other, where the most vacuum-like variant (Mod. 2b) in Fig. 3(left) appears
to be poorly constrained in this region, due to its large uncertainties. In the confined phase
(Nτ = 24), we observe a tendency for the suppression of the transport peak and a small change of
the bound state peak compared to the vacuum case. Below ω = 1 GeV, we observe a ”filling-up”
of spectral weight, leading to almost flat spectral functions for Nτ = 20 and Nτ = 16. The almost
constant behavior of the function ρ(ω) tanh(ωβ/2)/ω2 is reminiscent of the spectral function of the
R-charge current in the strongly coupled N = 4 super Yang-Mills [53]; such a spectral function
describes a medium with no quasiparticles. At the highest temperature (Nτ = 12 ensemble) we
see an excess of spectral weight around the origin as compared to the flat behavior, suggesting
that a transport peak is beginning to emerge. At even higher temperatures, the transport peak is
expected to become gradually narrower in units of ω/T .
The parameters determining the spectral functions are given in Tab. III, whereby the upper
and lower numbers indicate the errors obtained using the quantile method. The amplitudes of the
bound state peaks between the vacuum and Nτ = 24 ensemble are very close to each other, thereby
indicating no clear sign of thermal modification. For (Mod. 1) and (Mod. 2a), where a bound state
contribution is explicitly included, we observe an increase of the peak amplitude at T = Tc, i.e.
for the Nτ = 20 ensemble. On the other hand, models based on a more thermal behavior show a
strong suppression of the peak amplitude. The spectral weight lost around the ρ mass is seemingly
compensated by a modification of κ0 via κ1. The width of the transport peaks ΓT are consistent
in the last two models (Mod. 2c and Mod. 2d) in the deconfined phase. In addition we observe a
trend from broader to narrower widths as the temperature increases. At Tc, the ‘thermal’ models
(2b, 2c, 2d) agree within errors, while the ‘vacuum’ model (2a) exhibits larger uncertainties. The
parameters in the confined phase show large uncertainties for all models.
The height parameters of the transport peak AT, derived using the sum rule, are listed in
Tab. IV. The values using (Mod. 1) are consistently lower in the deconfined phase compared to the
variants of (Mod. 2). At the same time they are compatible in the confined phase and at Tc when
a vacuum-like variant is used. This indicates a very narrow and suppressed transport contribution
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Par. [latt. units] (Mod. 1) (Mod. 2a) (Mod. 2b) (Mod. 2c) (Mod. 2d)
mV 0.205
5
5 0.205
4
5 0.205
5
6 0.206
3
4 0.205
5
6
aV 0.00085
8
9 0.00085
7
8 0.00084
8
10 0.00085
5
6 0.00085
8
9
aT,Nτ=24 0.00086
8
8 0.00086
7
10 0.00086
9
11 0.00086
6
7 0.00086
9
10
aT,Nτ=20 0.00095
8
9 0.00093
8
9 0.00011
4
5 2.8e
−9|1.2e−62.5e−9 -
aT,Nτ=16 0.00054
5
5 - 0.00024
8
4 - -
aT,Nτ=12 0.00048
12
11 - 0.00014
9
7 - -
ΓT,Nτ=24 - 1.0e
−7|5.0e−71.0e−7 1.0e−7|5.0e
−1
1.0e−7 0.03
19
3 1.0e
−7|3.1e−71.0e−7
ΓT,Nτ=20 - 0.062
19
62 0.174
170
44 0.269
17
18 0.243
20
20
ΓT,Nτ=16 - 0.245
52
25 0.168
72
16 0.259
24
33 0.284
25
27
ΓT,Nτ=12 - 0.109
23
24 0.136
95
17 0.126
11
16 0.126
26
24
κO,Nτ=24 −0.000142225 −0.000142227 −0.0001573 −0.000142819 −0.000172324
κO,Nτ=20 −0.001352021 −0.001553429 - - -
κO,Nτ=16 −0.002813737 - - - -
κO,Nτ=12 −0.001345045 - - - -
κ0 1.092
2
3 1.093
2
3 1.092
3
4 1.092
2
2 1.091
3
3
κ1,Nτ=20 - - −0.0581338 −0.07144 −0.0602511
κ1,Nτ=16 - −0.089926 −0.0721729 −0.09458 −0.1001013
κ1,Nτ=12 - −0.0451111 −0.081743 −0.054128 −0.0511111
Ω0 0.319
13
16 0.320
11
15 0.317
14
19 0.319
9
11 0.318
14
18
ΩT,Nτ=20 - - - - 0.045
180
45
η - 2.301712 2.01
32
13 2.30
14
9 2.36
21
17
χ2/d.o.f. 0.56 0.60 0.54 0.54 0.51
TABLE III. The parameters in lattice units obtained by fitting the lattice vector meson correlators simulta-
neously and enforcing the sum rule. The upper and lower errors in the other columns indicate the top and
bottom margins from the generally asymmetric error determined by the quantile method. As noted in the
text the final results quoted originate from (Mod. 2c). We tested additional model setups and show only
those explored fit ansa¨tze that lead to an uncorrelated χ2/d.o.f ≤ 1.0.
A[a2] (Mod. 1) (Mod. 2a) (Mod. 2b) (Mod. 2c) (Mod. 2d)
ANτ=24 0.00023
7
7 0.00023
14
11 0.00022
20
42 0.00032
34
22 0.00021
10
10
ANτ=20 0.00062
12
12 0.00091
23
22 0.00386
285
77 0.00646
31
28 0.00604
80
277
ANτ=16 0.00095
32
37 0.00883
129
58 0.00460
211
100 0.00918
57
66 0.00977
59
66
ANτ=12 0.00376
76
87 0.00970
66
66 0.00913
276
193 0.01019
33
50 0.01019
70
68
TABLE IV. The resulting height parameters of the transport contribution AT[a
2] in lattice units from
combined fitting the lattice vector meson correlators and enforcing the sum rule. As before, the upper and
lower errors in the other columns indicate the top and bottom margins from the generally asymmetric error
determined by the quantile method.
at Nτ = 24. For all variants of (Mod. 2) the values of AT show consistent trends and agree at a
qualitative level. As such we observe an increase of AT with temperature for all models tested.
Taken together, the suppression of a bound state peak in favor of a broad spectral distribution
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in (Mod. 2c) and the consistency between the results of (Mod. 2b)-(Mod. 2d) hint at a rapid
dissociation of the narrow bound state as the system crosses over into the deconfined phase. At
the same time we see large changes in the electrical conductivity, mirrored by AT at T = Tc, where
the width of the transport peak acquires a large value that then decreases with temperature.
Although our results are not yet decisive enough to present a definite, ab initio and precision de-
termination of the dissociation of the ρ meson, this is, to our knowledge, the first lattice calculation
resolving the spectral weight of a light hadron as it crosses the deconfinement phase transition.
B. The Backus-Gilbert method
Up to this point the results depend on the chosen model for the true spectral function. Although
we believe that our assumptions are plausible, we present in the following a method to constrain
the spectral function locally in the variable ω using only the information contained in the lattice
data. This can be achieved by means of the Backus-Gilbert method (BGM) [21]. The method
represents a paradigm change from the usual goal of reconstructing the entire spectral function
from the lattice correlation function data. We applied this method to the study of pion dispersion
relations in [11] and now extend it to the vector spectral functions.
First, define a rescaled kernel,
K(τ, ω) = f(ω/T )
cosh[ω(β/2− τ)]
sinh [ωβ/2]
, (41)
where f(x)
x→0∝ x and f(x) > 0 for x > 0. Appropriate choices for f(x) will be discussed later.
Now consider a ‘resolution function’ δ(ω, ω′), such that the ‘filtered spectral function’
ρ̂(ω) ≡ f(ω/T )
∫ ∞
0
dω′ δ(ω, ω′)
ρ(ω′, T )
f(ω′/T )
(42)
provides an averaged value (in a sense made more precise below) of ρ around frequency ω. For a
given ω, the goal is for δ(ω, ω′), viewed as a function of ω′, to be a narrowly concentrated function
around ω. Restricting ourselves to methods linear in the lattice data, the filtered spectral function
is necessarily given by a linear combination of the form
ρ̂(ω) = f(ω/T )
n∑
i=1
gi(ω)G(τi), (43)
where τi are the Euclidean times, for which the correlator has been calculated. The coefficients
gi(ω) are chosen to realize the stated goal. Inserting the Euclidean correlator into Eq. (43) in terms
of ρ(ω′, T ), we conclude that the resolution function is given by
δ(ω, ω′) =
n∑
i=1
gi(ω)K(τi, ω
′) . (44)
For a given ω, it is thus completely specified by the n coefficients gi(ω). One possible recipe to
construct the gi(ω) is provided by the method of Backus and Gilbert [21], which minimizes the
‘width’
Γω ≡
∫ ∞
0
dω′ (ω − ω′)2 δ(ω, ω′)2 (45)
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of the resolution function for a normalized area∫ ∞
0
dω′δ(ω, ω′) = 1. (46)
The latter condition implies that, if ρ(ω′, T )/f(ω′/T ) is independent of ω′ for |ω′ − ω| . Γω, the
filtered spectral function ρ̂(ω) is an estimator for the value of ρ(ω, T ) at the point ω. The solution
is (see for instance [54])
gi(ω) =
(W−1)ijRj
Rk(W−1)klRl
, (47)
with
Wij(ω) =
∫ ∞
0
dω′K(τi, ω′)K(τj , ω′)(ω − ω′)2 and Ri ≡
∫ ∞
0
dωK(τi, ω) . (48)
In practice, the matrix W rapidly becomes ill-conditioned with increasing n, the coefficients gi(ω)
become large and alternating in sign, which is a manifestation of the ill-posed nature of the inverse
problem. It is necessary to regularize the procedure by replacing W with
W reg.ij (ω) = λWij(ω) + (1− λ) Covij [G] , 0 ≤ λ ≤ 1, (49)
where Cov[G] is the covariance matrix of the lattice correlator G(τi, T ). The Backus-Gilbert
method can then be thought of as minimizing the width Γω under the condition that the statistical
error on ρ̂(ω, T ) assumes a preset value. Increasing λ slowly reduces Γω at the cost of increasing
the statistical errors. The only input into the construction of the resolution function is thus the
covariance matrix, the choice of f(x) and the value of the regularization parameter λ. Indepen-
dent of the choices made, it is clear that quoting ρ̂(ω, T ) at n values of ω – typically spaced by
separations of order Γω – is equivalent information to the original lattice data; one has simply
deconvoluted the information as local in ω as the quality of the lattice data allows. We note that
the resolution function has already been used in [55] as a way to provide a rigorous meaning to a
linear reconstruction method for the spectral function.
We now discuss the choice of the reweighting function f(x). It is desirable to choose it in such
a way, that the reconstructed function, ρ(ω, T )/f(ω/T ), does not show a global trend. For the
vector channel considered here, we note that (ρii(ω, T )
T 2
ω2
tanh ω2T ) is expected to be finite in both
limits, ω → 0 and ω →∞. We therefore choose
f(x) =
x2
tanh(x/2)
. (50)
We will also consider the vacuum-subtracted correlation functions, G(τ, T ) − Grec(τ, 0). Since we
expect ∆ρ(ω)
ω→∞∝ 1/ω2 from the operator-product expansion, we choose
f∆(x) = tanh(x/2) (51)
as reweighting function. Various reweighting functions were already introduced in [11, 13, 14, 56, 57]
to remove the divergence of the kernel at the origin. Here, the reweighting function plays the
additional role of rescaling the spectral function to remove its overall growth at large ω.
Finally, we remark that many other choices than Eq. (45) are possible as a measure of the width
of δ(ω, ω′). The most useful choice depends on the channel under consideration as well as what
question precisely one is addressing.
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FIG. 4. Left: Mock data test of the Backus-Gilbert method, reconstructing ρ̂(ω) from a known spectral
function (red) and the covariance matrix supplied by the lattice data. Right: The convoluted spectral
functions for the difference ∆ρ̂(ω) from reconstructing G(τ, T ) − Grec(τ, 0) using the BGM. The narrower
resolution function and favorable cancellation of the large frequency regions enable more details to be
reconstructed.
1. Applying the BGM: tests and results
We found that a value of the regularization parameter λ = 0.002 was a reasonable choice for
all ensembles, although larger values up to λ = 0.9 lead to equally good results for the high
temperature lattices Nτ = 12 and 16. The regularization is crucial for the lower-temperature
lattices, when a large number of points enter Wij(ω).
To illustrate the precision that can be achieved, we show the resolution function Tδ(ω, ω′)
computed on the Nτ = 24 ensemble, as a function of ω
′/T , for the four values ω/T = 0, 4, 8 and
16 in Fig. 5 (left panel). As input we choose the points τi = (3, ..., 12) in G(τ). We observe that
the width of the resolution function increases with increasing frequency ω, from roughly Γω ∼ 5T
at ω/T = 0 to Γω ∼ 15T at ω/T = 8. Since the resolution function only depends on the kernel and
the precision of the lattice data, this sets limits on the frequency resolution that can be reached in
our lattice calculation. The relatively poor resolution is partly due to the rise ∼ ω2 of the spectral
function of the conserved vector current.
Next we perform a mock data test to assess the relation between ρ̂(ω, T ) and ρ(ω, T ) in the
vector case. To this end we replace the average values of the lattice correlator by pseudodata derived
from a known spectral function, which we chose to be the fitted vacuum result, and keep the lattice
covariance matrix. As before the points chosen as input to the method are τi = (3, . . . , Nτ/2). The
resulting filtered spectral functions, ρ̂(ω), are shown in Fig. 4 (left panel) for all four available
lattice ensembles. With increasing temperature we observe the sharp features of the input mock
spectral function to be washed out by the filtering effect of the resolution function.
In the last step, we apply the Backus-Gilbert method to actual lattice data, both for the
correlator G(τ, T ) itself and for the difference G(τ, T )−Grec(τ, 0). The results of the latter case are
displayed in red in Fig. 4 (right panel), while the former are given in Fig. 5 (left). The narrower
resolution function and the cancellation of the large frequency behavior in ∆ρ(ω, T ) allow more
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T [MeV] χs/T
2 Tδ(ω0 = 0, ω = 0)
√〈v2〉eff
169 0.42718(31) 0.36588 0.629(34)
203 0.72120(29) 0.37275 0.826(12)
254 0.86771(34) 0.37484 0.749(10)
338 0.93949(25) 0.37250 0.7661(68)
TABLE V. The static susceptibility and the effective root-mean-square velocities, obtained on the four
thermal lattice ensembles using the BGM filtered thermal spectral functions. The resolution function is
given in the third column.
structure to be extracted from the lattice data. See the right panel of Fig. 5 for the corresponding
resolution function at T = 169 MeV. As the temperature is increased we observe the emergence
of a negative dip around the vector meson mass, along with an enhancement in the transport
region. This suggests the dissociation of the ρ meson and the formation of a transport peak. This
dip forms already at Nτ = 20, corroborating to the conclusion of section IV A 3, that there is a
rapid dissociation of the bound state around Tc accompanied by a rapid build-up of the transport
contribution.
V. COMPARISONS WITH MODEL PREDICTIONS
A. Comparing lattice results to the HRG model
As discussed in section II, the hadron resonance gas (HRG) model makes definite predictions
for the the static susceptibility χs and the mean-square-velocity of the hadronic quasiparticles in
the low-temperature phase of QCD. Here we compare these predictions to the results obtained
from our lattice simulations.
On the lattice, the static susceptibility is computed straightforwardly using Eq. (2). The mean-
square velocity is more difficult to estimate, since it must be extracted from the spectral function
and assumes the presence of a well-defined transport peak. To construct an estimator for the
mean-square velocity, we use the BG filtered spectral function ρ̂(ω, T ) to write
〈v2〉eff = 1
2piχs T δ(0, 0)
∆ρ̂(ω, T )
tanh(ωβ/2)
∣∣∣
ω=0
, (52)
which is based on Eq. (25). It relies on the narrowness of the transport peak compared to the width
of the resolution function δ(0, ω). We focus the following discussion on the model independent
results obtained using the BGM and present the static susceptibility, the value of T · δ(0, 0) for the
resolution function and the mean-square velocities in Tab. V.
To obtain an HRG prediction at the physical (u, d) quark masses, we would sum up the contri-
butions to χs and χs〈v2〉 of the mesons and baryons listed in the Particle Data Group [58] up to a
mass of about 2GeV. Since the quark masses in our lattice simulations are larger than in nature, we
attempt to correct for the bulk of this effect by setting the pion, ρ and nucleon masses to the values
found in our lattice ensembles. For the other mesons and baryons, we have added a quark-model
inspired shift to the PDG masses equal to mlattρ −mphysρ and mlattN −mphysN respectively. Since we
perform two flavor simulations, hadrons with non-vanishing strangeness or charm are not included.
We thus obtain the following HRG estimates for the two-flavor theory with a zero-temperature
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pion mass of ' 270MeV,
HRG : χs/T
2 =
{
0.49 T = 169MeV
0.93 T = 203MeV
,
√
〈v2〉 =
{
0.74 T = 169MeV
0.70 T = 203MeV
. (53)
The temperature evolution of the mean-square velocity originates from two competing effects:
As the temperature rises, heavier hadrons have a chance to appear in the medium with a small
velocity. On the other hand, lighter hadrons become gradually more relativistic. Thus a mean-
square velocity which decreases as a function of temperature signals the approach to the Hagedorn
regime where the appearance of new hadron species dominates. In our model, 〈v2〉 has a maximum
around T = 130 MeV.
Comparing the static susceptibilities in Eq. (53) and in Tab. V, we find a reasonably good
agreement at T = 169MeV, but a clear overestimate of the HRG prediction at T = 203MeV. The
HRG value is in fact already close to the Stefan-Boltzmann limit value of χs/T
2 = 1.
Looking at the mean-square velocities, we start with the ensemble at T = 169MeV. The width
of δ(0, ω) is approximately pi2T in our study. In this regime, the quantity 〈v2〉eff is a good estimator
of the mean-square velocity of quasiparticles, if (a) the transport peak at the origin in ρii(ω, T )
exists and is narrow in comparison with the thermal scale ω ∼ piT and (b) the next significant
contribution to the subtracted spectral function ∆ρ(ω, T ) lies well beyond the width of δ(0, ω).
As for (a), kinetic theory estimates7 of the width of the transport peak based on a hadronic
gas picture clearly indicate that the width is much smaller than T . Assuming this to be true
at the lowest temperature T = 169MeV, we observe that the lattice estimate of
√〈v2〉 ≈ 0.63
is somewhat smaller than the HRG value 0.74. This observation is interesting, since we found
on the same lattice ensemble in our recent study [11] that the pion quasiparticle is lighter than
the zero-temperature pion mass and has a less steep dispersion relation, ω2~p = m
2
quasip + u
2~p2 with
u = 0.74(1) and mquasip = 223(4)MeV. An alternative to the HRG model is then to only include the
pion contribution, however taking into account the modified dispersion relation at low momenta,
χs = 4β
∫
|~p|<Λp
d3~p
(2pi)3
fB (ω~p)(1 + fB (ω~p)) + 4β
∫
|~p|>Λp
d3~p
(2pi)3
fB~p (1 + f
B
~p ) , (54)
χs〈v2〉 = 4β
∫
|~p|<Λp
d3~p
(2pi)3
fB (ω~p)(1 + fB (ω~p)) vg(~p)
2 + 4β
∫
|~p|>Λp
d3~p
(2pi)3
fB~p (1 + f
B
~p )
~p2
E2~p
, (55)
where fB (E) = (eβE − 1)−1 and vg(~p) = dω~pd|~p| is the group velocity of the pion. In this model, the
contribution of the other hadrons are at least partly taken into account indirectly, since it is the
collisions of the pions among themselves and with other hadrons which give rise to the modified
pion dispersion relation. With a choice of Λp = 500 MeV, which is about the momentum scale at
which the predictions of the thermal chiral effective theory were seen to break down in [11], one
obtains χs/T
2 = 0.43 and
√〈v2〉 = 0.68, in better agreement with the lattice data than the HRG
model.
There are however alternative explanations for the difference between the HRG prediction and
the lattice result for 〈v2〉. One explanation could be that our lattice value for 〈v2〉 is somewhat
underestimated. Indeed, this could happen if assumption (b) stated in the previous paragraph were
imperfectly realized and if the spectral weight of the ρ meson was somewhat lower than at T = 0.
After all we know from the sum rule in Eq. (13) that some negative spectral weight in ∆ρ(ω, T )
must appear to compensate the transport peak. A further possible explanation that ought to be
studied is the influence of the finite volume in our simulation. Roughly, the average number of
7 E.g. Γ = σnv, with σ a typical hadronic cross-section and n, v the density and the velocity of quasiparticles. Also,
the thermal width of the pion quasiparticle calculated in chiral perturbation theory [59] is quite small.
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FIG. 5. Left: Comparison of filtered spectral functions ρ̂(ω) obtained by convoluting with the resolution
functions δ(ω, ω′) determined from the lattice, (red) BGM reconstruction, (blue) spectral functions from
phenomenology [22]. For comparison, the un-filtered result is displayed in black. The top left panel shows
the resolution functions. Right: The same plot for the difference ∆ρ̂(ω). Note, the phenomenological
spectral functions do not contain a transport contribution, we therefore do not expect good agreement in
the low frequency region at T > Tc.
hadrons in our (3fm)3 box is of the order of seven, based on the HRG model, which could invalidate
a kinetic theory description.
At T = 203MeV, we find using the lattice correlators that the effective rms velocity has risen
significantly from its value at T = 169MeV, while the HRG model predicts a slight decrease. The
respective values are 0.83 and 0.70. It is more difficult to explain an overestimate from systematic
effects affecting
√〈v2〉eff . Considering the static susceptibility, the rms velocity and our finding in
section IV A 3 that the spectral weight of the ρ meson is significantly reduced at a temperature
of 200MeV, we conclude that the medium can no longer be thought of as consisting of weakly
interacting hadrons flying past each other.
In the high-temperature phase, the data in Table V shows that the static susceptibility χs
approaches unity in units of T 2, as expected. The expected quasiparticles at sufficiently high
temperatures are quarks and gluons and we find a relatively low value of the effective rms velocity. A
possible explanation is that no well-defined transport peak exists at T = 254 MeV and T = 340MeV.
And if the transport peak is present, the width of the resolution function may be too broad to
yield an accurate estimate of the rms quasiparticle velocity.
B. Comparison with the thermal spectral functions of Hohler and Rapp
In [22] the authors used QCD and Weinberg sum rules to study thermal, isovector vector and
axial-vector spectral functions across the phase transition. The in-medium condensates, required
in this analysis, were estimated using the hadron resonance gas model and lattice QCD data
where possible. In the following, we compare these phenomenological spectral functions with those
determined from our lattice correlation functions. However, in such a comparison a number of
issues have to be considered, e.g. the pion masses are larger than in nature and the calculations
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presented here are not in the continuum limit. In addition, the lattice spectrum in a finite volume
consists of a discrete set of delta functions. A direct comparison between spectral functions is
therefore not meaningful. On the other hand, comparing Euclidean correlation functions obscures
the physical interpretation, which is normally based on the local behavior of the spectral function
around a given frequency. Hence the BGM provides an opportunity to compare phenomenological
and lattice calculations via the filtered phenomenological spectral function. Indeed, all that is
needed for this comparison is the resolution function. A possible recipe to compare ρ̂(ω) is to filter
the given spectral functions ρphen(ω
′) with the resolution functions determined by the lattice data,
ρ̂phen(ω) =
∫ ∞
0
dω′δ(ω, ω′)ρphen(ω′) . (56)
To map the phenomenological curves of [22] to our results, we set Tc = 155MeV in QCD
with physical u, d, s quark masses [60, 61], entailing the following temperatures Tphen where the
phenomenological spectral functions will be evaluated,
Nτ = 24 : T/Tc ≈ 0.8 ⇒ Tphen = 130MeV ,
Nτ = 20 : T/Tc ≈ 1.0 ⇒ Tphen = 150MeV ,
Nτ = 16 : T/Tc ≈ 1.25 ⇒ Tphen = 170MeV . (57)
Furthermore we normalize phenomenological curves to the lattice spectral functions by dividing out
the charge factor Cem = 5/9. In the left panel of Fig. 5 we show the results for the filtered spectral
functions ρ̂(ω) and in the right one those for the difference ∆ρ̂(ω). We present our results for the
BGM (red), the filtered phenomenological (blue) spectral functions and the unfiltered phenomeno-
logical spectral functions (black) in Fig. 5 (left). As a transport contribution is not included in
the phenomenological data, we do not expect very good agreement in the low frequency region for
temperatures above Tc. Nevertheless, the qualitative agreement between the phenomenological and
reconstructed lattice results is good. Even though a full quantitative study has to be postponed,
the presented method allows for a systematic comparison of BGM reconstructed lattice spectral
functions and phenomenological results in the future.
VI. ELECTRICAL CONDUCTIVITY ACROSS THE PHASE TRANSITION
In this section we discuss the impact of our results on our knowledge of the electrical conductivity
across the deconfinement phase transition. We recall that the electrical conductivity can be read
off from the spectral functions via Eq. (15) from the intercept of ρ(ω)/ω at ω = 0. Since the BGM
gives access only to the filtered spectral functions ρ̂(ω), we cannot determine a model independent
result for σel at this time. Nonetheless, we present the results obtained from the ansatz approach
in Tab. VI. We quote central values obtained with (Mod. 2c), and use (Mod. 2d) as a way to
estimate the systematic error from the choice of ansatz.
Here the errors are determined from the spectral functions for (Mod. 2c) and (Mod. 2d). The
first value denotes those from (Mod. 2c), the second gives the lower bounds from (Mod. 2d) relative
to the central values of (Mod. 2c) and the third the corresponding upper bound. We observe and
increase of the electrical conductivity across the phase transition.
Both the ansatz method and MEM introduce a significant degree of systematic uncertainty, due
to the ill-posed nature of the inverse transformation. Consequently cross-checks using multiple
approaches are mandatory. In Fig. 6 we collect and compare different determinations of σel from
recent lattice determinations using staggered quenched (grey) [13], Wilson-Clover quenched (red)
[15], Wilson-Clover quenched in the continuum limit (blue triangles and magenta bars)[16–18],
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T [MeV] T/Tc σel/CemT ∆σel/CemT
169 0.8 0.074 (61)(-74)(+0)
203 1.0 0.160 (6)(-29)(+40)
254 1.25 0.189 (10)(-13)(+4)
338 1.67 0.323 (46)(-78)(+78)
TABLE VI. The electrical conductivity σel determined via the ansatz approach. The central value (third
column) is obtained with (Mod. 2c). The uncertainties, displayed in the fourth column, are determined from
the bootstrap samples. The first value is the statistical error of (Mod. 2c). The second and third give the
range of values (relative to the central value of the third column) obtained with (Mod. 2d).
FIG. 6. The electrical conductivity read off from the fitted spectral functions. For our quoted results (blue)
the boxes give the errors determined from (Mod. 2c) and the errorbars those from (Mod. 2d). The results
from this work are compared to past staggered (grey) [13], quenched (red) [15], quenched in the continuum
limit (blue triangles and magenta bars) [16–18], nf = 2 + 1 (green whiskerbars) [19], as well as our nf = 2
[20] studies.
nf = 2 + 1 (green whiskerbars)[19], as well as our previous nf = 2 (blue) Wilson-Clover studies
[20]. Here the staggered and Wilson-Clover nf = 2 + 1 results use MEM for the reconstruction,
while the Wilson-Clover quenched and our nf = 2 studies use the ansatz method. Note, in our
previous study [20] we computed the local-local current correlators with a factor 64 lower statistics.
Additionally the model did not permit the separation of the contributions for the thermal and
vacuum bound states. In the quenched calculations no clear temperature dependence can be seen,
while there is a consistent drop in dynamical QCD. This might be due to the different nature of
the deconfinement phase transitions in both theories. Comparing especially with the nf = 2 + 1
MEM [19] dynamical results, the results are in good agreement. A consistent picture is emerging
for the electrical conductivity around the critical temperature Tc from lattice simulations.
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VII. SUMMARY AND OUTLOOK
We have presented the Euclidean correlation functions in the isovector vector channel computed
using lattice QCD at temperatures T/Tc = 0.8, 1.0, 1.25 and 1.67. We have analyzed the cor-
relation functions in terms of the associated spectral functions. The simulations were performed
with two flavors of light quarks and included a reference simulation at zero temperature. In this
setup, the pseudocritical temperature amounts to Tc = 203 MeV. With high precision Monte-Carlo
data available for all lattice ensembles, we applied a set of sophisticated ansa¨tze and exploited an
exact sum rule (Eq. (13)) constraining the vacuum-subtracted spectral function to describe the
underlying spectral functions.
Fairly general arguments based on kinetic theory suggest that the ρ meson is largely unaffected
by thermal effects as long as the conserved-charge fluctuations and the spectral weight of the
transport peak are as small as predicted by the hadron resonance gas model (section II E). By
fitting the ansatz parameters to the lattice data, we find that the spectral weight below the zero-
temperature threshold ω = 2mpi remains small at T = 0.8Tc, but becomes significant at Tc. This
thermal effect is accompanied by a reduction of the spectral weight above the threshold, particularly
around the vector meson mass mρ. This may be interpreted as evidence of a rapid dissociation
of the vector meson as the system crosses into the deconfined phase. At T = Tc we find that the
hadron resonance gas predictions fail to describe the charge fluctuations (section V A). For T > Tc,
the fitted spectral functions do not exhibit any particular excess of spectral weight around the ρ
meson mass (Fig. 2).
Using the appropriate Kubo formula, we estimated the electrical conductivity across the de-
confinement phase transition (Fig. 6) and compared it with recent lattice QCD calculations. We
observe a rapid increase of the electrical conductivity across the deconfinement phase transition in
line with that observed in other dynamical calculations. A consistent picture is emerging.
In addition to providing a phenomenologically motivated form of the spectral function which
successfully describes the lattice correlation function data, we applied the Backus-Gilbert method
to the lattice data. The main advantage of this method is that a ‘filtered’ spectral function is
constructed, which, at any given frequency, is given as a local weighted average of the true spectral
function with a known weight function. In this method the spectral function does not have to be
expanded in any specific basis of functions and the ill-posed nature of the inverse problem translates
into the limited locality in frequency that can be achieved in the relation between the filtered and
the actual spectral function. We also point out that the filtered spectral function obtained using
the Backus-Gilbert method, does not necessarily provide a description of the lattice data with a
small χ2, once integrated with the appropriate kernel in Eq. (3). In that sense, the method is
complementary to applying a fit ansatz for the spectral function, or to applying the maximum
entropy method.
Having obtained the filtered spectral functions at T = 0.8Tc, we compared the low-frequency
region to the predictions of the hadron resonance gas model (section V A) and found agreement at
the 10–15% level. The agreement is somewhat improved if a pion gas is assumed with a modified
dispersion relation at low momenta [11]. At T = Tc, as already stated above, the hadron resonance
gas model fails. Secondly, we compared the filtered spectral functions to previously published [22]
phenomenological spectral functions. Once they are passed through the same filter, they exhibit
the same qualitative feature of having excess spectral weight around ω = 0 and a depletion at and
above the ρ meson mass, as compared to the respective vacuum spectral functions. Quantitatively,
we see differences, which could be partly understood by the fact that the zero-temperature pion
mass is mpi ' 270MeV in our lattice simulations, rather than the physical value of mpi = 140MeV.
We think that comparing the filtered spectral functions is a good way of testing phenomenological
models, since it does not introduce model-dependence on the lattice side and is on the other hand
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as local in frequency as the quality of the lattice data allows.
Looking to the future, it would be highly desirable to perform a continuum extrapolation of the
lattice data before undertaking spectral analyses. Second, achieving high resolution in frequency
space requires very high accuracy. We estimate that cleanly separating the transport contribution
from the ρmeson spectral weight at T = 0.8Tc in the Backus-Gilbert method would require reducing
the error bars by a factor four. Finally, the finite-size effects on the filtered spectral function should
be studied in more detail (qualitatively, the effects were discussed in [4]).
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Appendix A: Correlation function data
Below we list the results ofGii(τ, T ) correlators up to the midpoint, the corresponding covariance
matrices of these data sets will be provided online [46]. Due to the use of the conserved-local current
G00(τ, T ) is constant to very high accuracy and can be inferred from χs/T
2 in Tab. V.
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